F07 — Linear Equations (LAPACK) Introduction — F07

NAG Library Chapter Introduction
F07 — Linear Equations (LAPACK)

Contents
1 Scope of the Chapter .. ... ... .. ... .. ... .. .. .. ... ... .. .. .. ... 3
2 Background to the Problems .. ... ... ... ... ... ... ... ... ... ..... 3
2.1 Notation . ... ... 3
2.2 Matrix Factorizations . ... ..... ... ... . . ... ... 4
2.3 Solution of Systems of Equations ... .......... ... ... ... ... ... 4
2.4 Sensitivity and Error Analysis . ... ... ... .. ... 5
2.4.1 Normwise error bounds . . . .. .. .. ... . ... 5
2.4.2 Estimating condition numbers . . . ... ... ... ... ... 5
2.4.3 Scaling and Equilibration . . . ... ... ... ... ... 5
2.4.4 Componentwise error bounds . . ... ... .. ... ... ... 6
2.4.5 TIterative refinement of the solution . . ... ... ... ... ... ........... 6
2.5 Matrix Inversion . . .. ... ... ... 6
2.6 Packed Storage Formats . .. ... ... ... ... ... . ... ... . . . . 7
2.7 Band and Tridiagonal Matrices . ... ........... ... . ... ... .. ... 7
2.8 Block Partitioned Algorithms . ... .......... .. ... ... ... ........ 7
2.9 Mixed Precision LAPACK Routines . . ................ .. ......... 8
3  Recommendations on Choice and Use of Available Routines . ... ... .. 8
3.1 Available Routines . ... ....... ... . . .. ... 8
3.2 NAG Names and LAPACK Names . ............................ 9
3.3 Matrix Storage Schemes . .. ... ... ... ... ... 10
3.3.1 Conventional StOTage . . . . . . . . . ot 10
3.3.2 Packed storage . . . . . . . ... 11
3.3.3 Rectangular Full Packed (RFP) Storage . ... ..................... 11
334 Band Storage . . . .. . ... e 13
3.3.5 Unit triangular matrices . . . . . . . . ... ... 14
3.3.6 Real diagonal elements of complex matrices . . .................... 14
3.4  Parameter Conventions . . . .. .. .. ... ...\ttt 14
3.4.1 Option parameters . . . . . . . . v v v v e e e e e e e e e 14
3.42 Problem dimensions . . . . . .. .. ... ... 15
34.3 Length of work arrays . . . ... ... .. ... ... 15
3.4.4 Error-handling and the diagnostic parameter INFO . . ... ... .......... 15
3.5 Tables of Driver and Computational Routines . ..................... 15
351 Real matrices . . . . . . oot i 15
3.5.2 Complex matrices . . . . . . . vt vt i e 17
4  Functionality Index . ..... ... ... ... ... .. . ... .. . ... .. ... ... ... 18
5  Auxiliary Routines Associated with Library Routine Parameters ... .. 22

Mark 24 F07.1



Introduction — F07 NAG Library Manual

6 Routines Withdrawn or Scheduled for Withdrawal . ... ... ....... ... 22

7 References . . ... .. .., 22

F07.2 Mark 24



F07 — Linear Equations (LAPACK) Introduction — F07

1  Scope of the Chapter

This chapter provides routines for the solution of systems of simultaneous linear equations, and associated
computations. It provides routines for

— matrix factorizations;
— solution of linear equations;
— estimating matrix condition numbers;
— computing error bounds for the solution of linear equations;
— matrix inversion;
— computing scaling factors to equilibrate a matrix.
Routines are provided for both real and complex data.

For a general introduction to the solution of systems of linear equations, you should turn first to the FO4
Chapter Introduction. The decision trees, in Section 4 in the FO4 Chapter Introduction, direct you to the
most appropriate routines in Chapters F04 or FO7 for solving your particular problem. In particular,
Chapters F04 and FO7 contain Black Box (or driver) routines which enable some standard types of problem
to be solved by a call to a single routine. Where possible, routines in Chapter FO4 call Chapter FO7
routines to perform the necessary computational tasks.

There are two types of driver routines in this chapter: simple drivers which just return the solution to the
linear equations; and expert drivers which also return condition and error estimates and, in many cases,
also allow equilibration. The simple drivers for real matrices have names of the form FO7_AF (D_ SV)
and for complex matrices have names of the form FO7 NF (Z SV). The expert drivers for real matrices
have names of the form FO7 BF (D__SVX) and for complex matrices have names of the form FO7 PF
(Z__SVX).

The routines in this chapter (Chapter FO7) handle only dense and band matrices (not matrices with more
specialised structures, or general sparse matrices).

The routines in this chapter have all been derived from the LAPACK project (see Anderson et al. (1999)).
They have been designed to be efficient on a wide range of high-performance computers, without
compromising efficiency on conventional serial machines.

2 Background to the Problems

This section is only a brief introduction to the numerical solution of systems of linear equations. Consult a
standard textbook, for example Golub and Van Loan (1996) for a more thorough discussion.

2.1 Notation
We use the standard notation for a system of simultaneous linear equations:
Az =10 (1)

where A is the coefficient matrix, b is the right-hand side, and x is the solution. A is assumed to be a
square matrix of order n.

If there are several right-hand sides, we write
AX =B (2)

where the columns of B are the individual right-hand sides, and the columns of X are the corresponding
solutions.

We also use the following notation, both here and in the routine documents:

z a computed solution to Ax = b, (which usually differs from the exact solution
x because of round-off error)
r=b— Az the residual corresponding to the computed solution &
|||, = max]|z;]| the co-norm of the vector x
1
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the 1-norm of the vector x

n
lzll, = ||
=1

A _ maXZ|aij| the oo-norm of the matrix A
axz |

j

n the 1-norm of the matrix A
1Al = mj?‘XZ’aij‘

i=1
|| the vector with elements |x;]
|A] the matrix with elements |a; ;|

Inequalities of the form |A| < |B| are interpreted component-wise, that is |aij| < ‘bij’ for all ¢, j.

2.2 Matrix Factorizations

If A is upper or lower triangular, Ax = b can be solved by a straightforward process of backward or
forward substitution.

Otherwise, the solution is obtained after first factorizing A, as follows.
General matrices (LU factorization with partial pivoting)
A=PLU

where P is a permutation matrix, L is lower-triangular with diagonal elements equal to 1, and U is upper-
triangular; the permutation matrix P (which represents row interchanges) is needed to ensure numerical
stability.

Symmetric positive definite matrices (Cholesky factorization)
A=U'U or A=LL"
where U is upper triangular and L is lower triangular.
Symmetric positive semidefinite matrices (pivoted Cholesky factorization)
A=PU'UP" o A=PLL'P"

where P is a permutation matrix, U is upper triangular and L is lower triangular. The permutation matrix
P (which represents row-and-column interchanges) is needed to ensure numerical stability and to reveal
the numerical rank of A.

Symmetric indefinite matrices (Bunch—Kaufman factorization)
A=PUDU'P" or A=PLDL'P'

where P is a permutation matrix, U is upper triangular, L is lower triangular, and D is a block diagonal
matrix with diagonal blocks of order 1 or 2; U and L have diagonal elements equal to 1, and have 2 by 2
unit matrices on the diagonal corresponding to the 2 by 2 blocks of D. The permutation matrix P (which
represents symmetric row-and-column interchanges) and the 2 by 2 blocks in D are needed to ensure
numerical stability. If A is in fact positive definite, no interchanges are needed and the factorization
reduces to A =UDU" or A= LDL" with diagonal D, which is simply a variant form of the Cholesky
factorization.

2.3 Solution of Systems of Equations

Given one of the above matrix factorizations, it is straightforward to compute a solution to Az = b by
solving two subproblems, as shown below, first for y and then for x. Each subproblem consists essentially
of solving a triangular system of equations by forward or backward substitution; the permutation matrix P
and the block diagonal matrix D introduce only a little extra complication:

General matrices (LU factorization)

Ly =P"b
Ur=y

Symmetric positive definite matrices (Cholesky factorization)
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UTyzb Ly=5
or T
Ur =y Lxz=y

Symmetric indefinite matrices (Bunch—Kaufman factorization)

PUDy =b PLDy=b
U'Plz =y L'Plz =y

2.4 Sensitivity and Error Analysis
2.4.1 Normwise error bounds

Frequently, in practical problems the data A and b are not known exactly, and it is then important to
understand how uncertainties or perturbations in the data can affect the solution.

If = is the exact solution to Az =b, and =+ éx is the exact solution to a perturbed problem
(A+ 6A)(z + béx) = (b+ 6b), then

< k(A) <% + %) + - - - (second-order terms)

where k(A) is the condition number of A defined by
r(A) = (Al A7 (3)

In other words, relative errors in A or b may be amplified in = by a factor x(A). Section 2.4.2 discusses
how to compute or estimate «(A).

Similar considerations apply when we study the effects of rounding errors introduced by computation in
finite precision. The effects of rounding errors can be shown to be equivalent to perturbations in the
0A ob . . . .

oA and lléel are usually at most p(n)e, where € is the machine precision and

I1A]] 1]
p(n) is an increasing function of n which is seldom larger than 10n (although in theory it can be as large

as 2" D).

original data, such that

In other words, the computed solution & is the exact solution of a linear system (A + 6A)Z = b+ b
which is close to the original system in a normwise sense.

2.4.2 Estimating condition numbers

The previous section has emphasized the usefulness of the quantity x(A) in understanding the sensitivity
of the solution of Ax =b. To compute the value of x(A) from equation (3) is more expensive than
solving Az = b in the first place. Hence it is standard practice to estimate x(A), in either the 1-norm or
the oo-norm, by a method which only requires O(nz) additional operations, assuming that a suitable
factorization of A is available.

The method used in this chapter is Higham’s modification of Hager’s method (see Higham (1988)). It
yields an estimate which is never larger than the true value, but which seldom falls short by more than a
factor of 3 (although artificial examples can be constructed where it is much smaller). This is acceptable
since it is the order of magnitude of x(A) which is important rather than its precise value.

Because k(A) is infinite if A is singular, the routines in this chapter actually return the reciprocal of k(A).

2.4.3 Scaling and Equilibration

The condition of a matrix and hence the accuracy of the computed solution, may be improved by scaling;
thus if D; and D, are diagonal matrices with positive diagonal elements, then

B - D]AD2

is the scaled matrix. A general matrix is said to be equilibrated if it is scaled so that the lengths of its
rows and columns have approximately equal magnitude. Similarly a general matrix is said to be row-
equilibrated (column-equilibrated) if it is scaled so that the lengths of its rows (columns) have
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approximately equal magnitude. Note that row scaling can affect the choice of pivot when partial pivoting
is used in the factorization of A.

A symmetric or Hermitian positive definite matrix is said to be equilibrated if the diagonal elements are all
approximately equal to unity.

For further information on scaling and equilibration see Section 3.5.2 of Golub and Van Loan (1996),
Section 7.2, 7.3 and 9.8 of Higham (1988) and Section 5 of Chapter 4 of Wilkinson (1965).

Routines are provided to return the scaling factors that equilibrate a matrix for general, general band,
symmetric and Hermitian positive definite and symmetric and Hermitian positive definite band matrices.

2.4.4 Componentwise error bounds

A disadvantage of normwise error bounds is that they do not reflect any special structure in the data A and
b — that is, a pattern of elements which are known to be zero — and the bounds are dominated by the
largest elements in the data.

Componentwise error bounds overcome these limitations. Instead of the normwise relative error, we can
bound the relative error in each component of A and b:

max |6aij|,% <w
ik \ |ag;] " 10kl

where the component-wise backward error bound w is given by

w = max Il

i (JAL[z] + |ol);

Routines are provided in this chapter which compute w, and also compute a forward error bound which is
sometimes much sharper than the normwise bound given earlier:

le = éle _ 147"l
el = el
Care is taken when computing this bound to allow for rounding errors in computing r. The norm
|HA_1|.|7"|HDo is estimated cheaply (without computing A™'") by a modification of the method used to
estimate x(A).

2.4.5 Iterative refinement of the solution

If z is an approximate computed solution to Ax = b, and r is the corresponding residual, then a procedure
for iterative refinement of & can be defined as follows, starting with x, = 2:

for : =0,1,..., until convergence

compute 71; =b— Ax;
solve Ad; =;
compute ;. =z; +d;

In Chapter F04, routines are provided which perform this procedure using additional precision to compute
r, and are thus able to reduce the forward error to the level of machine precision.

The routines in this chapter do not use additional precision to compute r, and cannot guarantee a small
forward error, but can guarantee a small backward error (except in rare cases when A is very ill-
conditioned, or when A and x are sparse in such a way that |A|.|z| has a zero or very small component).
The iterations continue until the backward error has been reduced as much as possible; usually only one
iteration is needed.

2.5 Matrix Inversion

It is seldom necessary to compute an explicit inverse of a matrix. In particular, do not attempt to solve

Az = b by first computing A~' and then forming the matrix-vector product z = A~ 'b; the procedure
described in Section 2.3 is more efficient and more accurate.
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However, routines are provided for the rare occasions when an inverse is needed, using one of the
factorizations described in Section 2.2.

2.6 Packed Storage Formats

Routines which handle symmetric matrices are usually designed so that they use either the upper or lower
triangle of the matrix; it is not necessary to store the whole matrix. If the upper or lower triangle is stored
conventionally in the upper or lower triangle of a two-dimensional array, the remaining elements of the
array can be used to store other useful data.

However, that is not always convenient, and if it is important to economize on storage, the upper or lower
triangle can be stored in a one-dimensional array of length n(n + 1)/2 or a two-dimensional array with
n(n +1)/2 elements; in other words, the storage is almost halved.

The one-dimensional array storage format is referred to as packed storage; it is described in Section 3.3.2.
The two-dimensional array storage format is referred to as Rectangular Full Packed (RFP) format; it is
described in Section 3.3.3. They may also be used for triangular matrices.

Routines designed for these packed storage formats perform the same number of arithmetic operations as
routines which use conventional storage. Those using a packed one-dimensional array are usually less
efficient, especially on high-performance computers, so there is then a trade-off between storage and
efficiency. The RFP routines are as efficient as for conventional storage, although only a small subset of
routines use this format.

2.7 Band and Tridiagonal Matrices

A band matrix is one whose nonzero elements are confined to a relatively small number of subdiagonals or
superdiagonals on either side of the main diagonal. A tridiagonal matrix is a special case of a band matrix
with just one subdiagonal and one superdiagonal. Algorithms can take advantage of bandedness to reduce
the amount of work and storage required. The storage scheme used for band matrices is described in
Section 3.3.4.

The LU factorization for general matrices, and the Cholesky factorization for symmetric and Hermitian
positive definite matrices both preserve bandedness. Hence routines are provided which take advantage of
the band structure when solving systems of linear equations.

The Cholesky factorization preserves bandedness in a very precise sense: the factor U or L has the same
number of superdiagonals or subdiagonals as the original matrix. In the LU factorization, the row-
interchanges modify the band structure: if A has k; subdiagonals and k, superdiagonals, then L is not a
band matrix but still has at most k; nonzero elements below the diagonal in each column; and U has at
most k; + k, superdiagonals.

The Bunch—Kaufman factorization does not preserve bandedness, because of the need for symmetric row-
and-column permutations; hence no routines are provided for symmetric indefinite band matrices.

The inverse of a band matrix does not in general have a band structure, so no routines are provided for
computing inverses of band matrices.

2.8 Block Partitioned Algorithms

Many of the routines in this chapter use what is termed a block partitioned algorithm. This means that at
each major step of the algorithm a block of rows or columns is updated, and most of the computation is
performed by matrix-matrix operations on these blocks. The matrix-matrix operations are performed by
calls to the Level 3 BLAS (see Chapter F06), which are the key to achieving high performance on many
modern computers. See Golub and Van Loan (1996) or Anderson et al. (1999) for more about block
partitioned algorithms.

The performance of a block partitioned algorithm varies to some extent with the block size — that is, the
number of rows or columns per block. This is a machine-dependent parameter, which is set to a suitable
value when the library is implemented on each range of machines. You do not normally need to be aware
of what value is being used. Different block sizes may be used for different routines. Values in the range
16 to 64 are typical.
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On some machines there may be no advantage from using a block partitioned algorithm, and then the
routines use an unblocked algorithm (effectively a block size of 1), relying solely on calls to the Level 2
BLAS (see Chapter FO6 again).

The only situation in which you need some awareness of the block size is when it affects the amount of
workspace to be supplied to a particular routine. This is discussed in Section 3.4.3.

2.9 Mixed Precision LAPACK Routines

Some LAPACK routines use mixed precision arithmetic in an effort to solve problems more efficiently on
modern hardware. They work by converting a double precision problem into an equivalent single
precision problem, solving it and then using iterative refinement in double precision to find a full precision
solution to the original problem. The method may fail if the problem is too ill-conditioned to allow the
initial single precision solution, in which case the routines fall back to solve the original problem entirely
in double precision. The vast majority of problems are not so ill-conditioned, and in those cases the
technique can lead to significant gains in speed without loss of accuracy. This is particularly true on
machines where double precision arithmetic is significantly slower than single precision.

3 Recommendations on Choice and Use of Available Routines
3.1 Available Routines

Tables 1 to 8 in Section 3.5 show the routines which are provided for performing different computations
on different types of matrices. Tables 1 to 4 show routines for real matrices; Tables 5 to 8 show routines
for complex matrices. Each entry in the table gives the NAG routine name and the LAPACK double
precision name (see Section 3.2).

Routines are provided for the following types of matrix:
general
general band
general tridiagonal
symmetric or Hermitian positive definite
symmetric or Hermitian positive definite (packed storage)
symmetric or Hermitian positive definite (RFP storage)
symmetric or Hermitian positive definite band
symmetric or Hermitian positive definite tridiagonal
symmetric or Hermitian indefinite
symmetric or Hermitian indefinite (packed storage)
triangular
triangular (packed storage)
triangular (RFP storage)
triangular band

For each of the above types of matrix (except where indicated), routines are provided to perform the
following computations:

(a)  (except for RFP matrices) solve a system of linear equations (driver routines);

(b)  (except for RFP matrices) solve a system of linear equations with condition and error estimation
(expert drivers);

(¢)  (except for triangular matrices) factorize the matrix (see Section 2.2);

(d) solve a system of linear equations, using the factorization (see Section 2.3);
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()  (except for RFP matrices) estimate the condition number of the matrix, using the factorization (see
Section 2.4.2); these routines also require the norm of the original matrix (except when the matrix is
triangular) which may be computed by a routine in Chapter F06;

()  (except for RFP matrices) refine the solution and compute forward and backward error bounds (see
Sections 2.4.4 and 2.4.5); these routines require the original matrix and right-hand side, as well as
the factorization returned from (a) and the solution returned from (b);

(g) (except for band and tridiagonal matrices) invert the matrix, using the factorization (see Section 2.5);

(h)  (except for tridiagonal, symmetric indefinite, triangular and RFP matrices) compute scale factors to
equilibrate the matrix (see Section 2.4.3).

Thus, to solve a particular problem, it is usually only necessary to call a single driver routine, but
alternatively two or more routines may be called in succession. This is illustrated in the example programs
in the routine documents.

3.2 NAG Names and LAPACK Names

As well as the NAG routine name (beginning F07), Tables 1 to 8 show the LAPACK routine names in
double precision.

The routines may be called either by their NAG names or by their LAPACK names. When using the NAG
Library, the double precision form of the LAPACK name must be used (beginning with D- or Z-).

References to Chapter FO7 routines in the manual normally include the LAPACK double precision names,
for example, FO7TADF (DGETRF).

The LAPACK routine names follow a simple scheme (which is similar to that used for the BLAS in
Chapter F06). Most names have the structure XYYZZZ, where the components have the following
meanings:

— the initial letter X indicates the data type (real or complex) and precision:

S — real, single precision (in Fortran 77, REAL)

D - real, double precision (in Fortran 77, DOUBLE PRECISION)

C — complex, single precision (in Fortran 77, COMPLEX)

Z - complex, double precision (in Fortran 77, COMPLEX*16 or DOUBLE COMPLEX)

— exceptionally, the mixed precision LAPACK routines described in Section 2.9 replace the initial first
letter by a pair of letters, as:

DS - double precision routine using single precision internally
ZC - double complex routine using single precision complex internally
— the letters YY indicate the type of the matrix A (and in some cases its storage scheme):

GE - general

GB — general band

PO - symmetric or Hermitian positive definite

PF — symmetric or Hermitian positive definite (RFP storage)
PP — symmetric or Hermitian positive definite (packed storage)
PB — symmetric or Hermitian positive definite band

SY - symmetric indefinite

SF — symmetric indefinite (RFP storage)

SP — symmetric indefinite (packed storage)

HE - (complex) Hermitian indefinite

HF - (complex) Hermitian indefinite (RFP storage)

HP — (complex) Hermitian indefinite (packed storage)

GT — general tridiagonal

PT - symmetric or Hermitian positive definite tridiagonal
TR - triangular

TF - triangular (RFP storage)
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TP - triangular (packed storage)
TB - triangular band

— the last two or three letters ZZ or ZZZ indicate the computation performed. Examples are:
TRF - triangular factorization
TRS - solution of linear equations, using the factorization
CON - estimate condition number

RFS

refine solution and compute error bounds
TRI — compute inverse, using the factorization

Thus the routine DGETRF performs a triangular factorization of a real general matrix in double precision;
the corresponding routine for a complex general matrix is ZGETRF.

3.3 Matrix Storage Schemes
In this chapter the following different storage schemes are used for matrices:
— conventional storage in a two-dimensional array;
— rectangular full packed (RFP) storage for symmetric, Hermitian or triangular matrices;
— packed and RFP storage for symmetric, Hermitian or triangular matrices;
— band storage for band matrices.

These storage schemes are compatible with those used in Chapter FO6 (especially in the BLAS) and
Chapter FO8, but different schemes for packed or band storage are used in a few older routines in Chapters
FO01, F02, FO3 and FO04.

In the examples below, * indicates an array element which need not be set and is not referenced by the
routines. The examples illustrate only the relevant part of the arrays; array arguments may of course have
additional rows or columns, according to the usual rules for passing array arguments in Fortran 77.

3.3.1 Conventional storage

The default scheme for storing matrices is the obvious one: a matrix A is stored in a two-dimensional array
A, with matrix element a;; stored in array element A(3, j).

If a matrix is triangular (upper or lower, as specified by the parameter UPLO), only the elements of the
relevant triangle are stored; the remaining elements of the array need not be set. Such elements are
indicated by * or ., in the examples below.

For example, when n = 4:

UPLO Triangular matrix A Storage in array A
U app G Qa3 QG ayp Qi a3 A
Ay Qp3  Qp4 u Ay Qp3 QA4
a3z Ay u u az3 Q34
Q44 u U U (7]

'L an ain  u u u

azr  Aap az; 4 u

az; Az A4z azy Gz 433 w0

Q41 Qg Q43 Q44 Q41 Qg Q43 Q44

Routines which handle symmetric or Hermitian matrices allow for either the upper or lower triangle of
the matrix (as specified by UPLO) to be stored in the corresponding elements of the array; the remaining
elements of the array need not be set.

For example, when n = 4:
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UPLO Hermitian matrix A4 Storage in array A
U app G Q3 Ay ayip Az a3 Ay
Q12 Ay Gx3 G4 U Gp Ay Gy
@13 Gy3 Q33 Q3 U U (33 (3
Q14 Qg Q34 Qg u U u Qg4
'L ayp Gy G311 Gg4 alr U U
Ay Gy (3 G4 Gxy Qp U U
az; Gz 033 Qg3 azp Gz (33
Qg1 Qqp Qg3 Qg4 Q41 Qgp Q43 Qg4

3.3.2 Packed storage

Symmetric, Hermitian or triangular matrices may be stored more compactly, if the relevant triangle (again
as specified by UPLO) is packed by columns in a one-dimensional array. In this chapter, as in Chapters
F06 and F08, arrays which hold matrices in packed storage, have names ending in P. For a matrix of order
n, the array must have at least n(n + 1)/2 elements. So:

if UPLO ='U', a;; is stored in AP(i + j(j —1)/2) for i < j;
if UPLO ='L', a;; is stored in AP(i + (2n — j)(j — 1)/2) for j <.

For example:

Triangle of matrix A Packed storage in array AP
1 1
UPLO ="U ap; ap a3 Ay a1y Q1200 A13023033 (14024034044
N N e e ——
Qpy Q3 (g
aszsz Q34
Q44
1 1
UPLO =L ap Q11021031041 022032047 Q33043 Q44
N —— e — N~
5 %))
azy  Qazp Aaszz
ag1 G4y Q43  Qag

Note that for real symmetric matrices, packing the upper triangle by columns is equivalent to packing the
lower triangle by rows; packing the lower triangle by columns is equivalent to packing the upper triangle
by rows. (For complex Hermitian matrices, the only difference is that the off-diagonal elements are
conjugated.)

3.3.3 Rectangular Full Packed (RFP) Storage

The rectangular full packed (RFP) storage format offers the same savings in storage as the packed storage
format (described in Section 3.3.2), but is likely to be much more efficient in general since the block
structure of the matrix is maintained. This structure can be exploited using block partition algorithms (see
Section 2.8 in a similar way to matrices that use conventional storage.
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Figure 1 gives a graphical representation of the key idea of RFP for the particular case of a lower
triangular matrix of even dimensions. In all cases the original triangular matrix of stored elements is
separated into a trapezoidal part and a triangular part. The number of columns in these two parts is equal
when the dimension of the matrix is even, n = 2k, while the trapezoidal part has k£ + 1 columns when
n =2k + 1. The smaller part is then transposed and fitted onto the trapezoidal part forming a rectangle.
The rectangle has dimensions 2k + 1 and ¢, where ¢ = k when n is even and ¢ = k+ 1 when n is odd.

For routines using RFP there is the option of storing the rectangle as described above (TRANSR ='N") or
its transpose (TRANSR ='T").

As an example, we first consider RFP for the case n = 2k with k£ = 3.
If TRANSR = 'N', then AF holds A as follows:

For UPLO = "U' the upper trapezoid AF(1 : 6,1 : 3) consists of the last three columns of A upper.
The lower triangle AF(5:7,1:3) consists of the transpose of the first three columns of A upper.

For UPLO ="L' the lower trapezoid AF(2 : 7,1 : 3) consists of the first three columns of A lower.
The upper triangle AF(1: 3,1 : 3) consists of the transpose of the last three columns of A lower.

If TRANSR ='T', then AF in both UPLO cases is just the transpose of AF as defined when
TRANSR ='N'.

UPLO Triangle of matrix A Rectangular Full Packed matrix AF
TRANSR ='N' TRANSR ='T"
U’ 00 01 02 03 04 05 03 04 05 03 13 23 33 00 01 02
11 12 13 14 15 13 14 15 04 14 24 34 44 11 12
22 23 24 25 23 24 25 05 15 25 35 45 55 22
33 34 35 33 34 35
44 45 00 44 45
55 01 11 55
02 12 22
‘T 00 33 43 53 33 00 10 20 30 40 50
10 11 00 44 54 43 44 11 21 31 41 51
20 21 22 10 11 55 53 54 55 22 32 42 52
30 31 32 33 20 21 22
40 41 42 43 44 30 31 32
50 51 52 53 54 S5 40 41 42
50 51 52

Now we consider RFP for the case n =2k +1 and k = 2.
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If TRANSR ='N'. AF holds A as follows:

if UPLO ='U' the upper trapezoid AF(1:5,1:3) consists of the last three columns of A upper.
The lower triangle AF(4:5,1:2) consists of the transpose of the first two columns of A upper;

if UPLO ='L' the lower trapezoid AF(1:5,1 :3) consists of the first three columns of A lower.
The upper triangle AF(1:2,2 : 3) consists of the transpose of the last two columns of A lower.

If TRANSR ='T'. AF in both UPLO cases is just the transpose of AF as defined when TRANSR ='N'".

UPLO Triangle of matrix A Rectangular Full Packed matrix AF
TRANSR ='N' TRANSR ='T'
U 00 01 02 03 04 02 03 04 02 12 22 00 01
11 12 13 14 12 13 14 03 13 23 33 11
22 23 24 22 23 24 04 14 24 34 44
33 34 00 33 34
44 01 11 44
' 00 00 33 43 00 10 20 30 40 50
10 11 10 11 44 33 11 21 31 41 51
20 21 22 20 21 22 43 44 22 32 42 52
30 31 32 33 30 31 32
40 41 42 43 44 40 41 42

Explicitly, AF is a one-dimensional array of length n(n + 1)/2 and contains the elements of A as follows:

for UPLO ='U,
a;; (or aj; for TRANSR = 'T") is stored in AF((2k+1)(i — 1) +k+ 1+ 7), fori = 1,2,...,k and
j=i,.. ks
or otherwise in AF((2k+1)(j—1)+i—k), fori=k+1,nand j=1,...,q

for UPLO ="L,
a;; (or aj; for TRANSR = 'T') is stored in AF((2k+1)(j —1)+i+q—k), for j=1,2,...,q and
1=17,...,M,
or otherwise in AF(2k+ 1)(i—q)+j—q+1), for j=q+1,...,nand i =j,...,n.

3.3.4 Band storage

A band matrix with k; subdiagonals and &, superdiagonals may be stored compactly in a two-dimensional
array with k; + k, + 1 rows and n columns. Columns of the matrix are stored in corresponding columns
of the array, and diagonals of the matrix are stored in rows of the array. This storage scheme should be
used in practice only if k;, k, < n, although the routines in Chapters FO7 and FO8 work correctly for all
values of k; and k,. In Chapters FO7 and FO8 arrays which hold matrices in band storage have names
ending in B.

To be precise, elements of matrix elements a;; are stored as follows:
a;; is stored in AB(k, + 1 414 — j, j) for max(1,j —k,) < i <min(n,j+ k).

For example, when n =5, k; =2 and k, = 1:

Band matrix A Band storage in array AB

ap  ap
ay; Gy Ap3 *oap ap azg o ags
az; G3y Q33 A3y ayp QG Q33 Qg4 G55
Agp Q43 Q44 Q45 ay azyp a4z asy ¥
As3  QAs4 QG55 ay  agp asy ¥ *
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The elements marked * in the upper left and lower right corners of the array AB need not be set, and are
not referenced by the routines.

Note: when a general band matrix is supplied for LU factorization, space must be allowed to store an
additional k; superdiagonals, generated by fill-in as a result of row interchanges. This means that the
matrix is stored according to the above scheme, but with k; 4 k, superdiagonals.

Triangular band matrices are stored in the same format, with either k; = O if upper triangular, or k, = 0 if
lower triangular.

For symmetric or Hermitian band matrices with k subdiagonals or superdiagonals, only the upper or lower
triangle (as specified by UPLO) need be stored:

if UPLO ='U', a;; is stored in AB(k+ 144 — j,5) for max(1,j — k) <14 < j;
if UPLO ='"L', a;; is stored in AB(1 +i — j,7) for j <4 < min(n,j+ k).

For example, when n =5 and k = 2:

UPLO Hermitian band matrix 4 Band storage in array AB

U app app a3 * * Q13 Gy Q35
Q12 Gy Q3 G4 Q12 Q3 Q34 Q45
@13 Qp3 G33 Q34 Q35 ayp Qp Q33 G4  Qss

Qo4 Q34 Qgq Q45

G35 Q45 Qss

*

1 1 — —
L app Gz A3 app Gz A3z Agq  Ass
s o *
Ap; Gy G3p Qg Ap1 A3y Q43 Q54
~ ~ k %k
az;p a3y a3z a43 As3 azy Q4 As3

Qgp Q43 Qg4 Qsg
as3  QAs4  Ass

Note that different storage schemes for band matrices are used by some routines in Chapters FO1, F02, F03
and FO04.

3.3.5 Unit triangular matrices

Some routines in this chapter have an option to handle unit triangular matrices (that is, triangular matrices
with diagonal elements = 1). This option is specified by an argument DIAG. If DIAG ='U" (Unit
triangular), the diagonal elements of the matrix need not be stored, and the corresponding array elements
are not referenced by the routines. The storage scheme for the rest of the matrix (whether conventional,
packed or band) remains unchanged.

3.3.6 Real diagonal elements of complex matrices

Complex Hermitian matrices have diagonal elements that are by definition purely real. In addition,
complex triangular matrices which arise in Cholesky factorization are defined by the algorithm to have real
diagonal elements.

If such matrices are supplied as input to routines in Chapters FO7 and FO08, the imaginary parts of the
diagonal elements are not referenced, but are assumed to be zero. If such matrices are returned as output
by the routines, the computed imaginary parts are explicitly set to zero.

3.4 Parameter Conventions
3.4.1 Option parameters

Most routines in this chapter have one or more option parameters, of type CHARACTER. The
descriptions in Section 5 of the routine documents refer only to upper-case values (for example
UPLO = "U' or 'L"); however, in every case, the corresponding lower-case characters may be supplied (with
the same meaning). Any other value is illegal.
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A longer character string can be passed as the actual parameter, making the calling program more readable,
but only the first character is significant. (This is a feature of Fortran 77.) For example:

CALL DGETRS(’Transpose’,...)

3.4.2 Problem dimensions

It is permissible for the problem dimensions (for example, M in FO7TADF (DGETRF), N or NRHS in
FO7AEF (DGETRS)) to be passed as zero, in which case the computation (or part of it) is skipped.
Negative dimensions are regarded as an error.

3.4.3 Length of work arrays

A few routines implementing block partitioned algorithms require workspace sufficient to hold one block
of rows or columns of the matrix if they are to achieve optimum levels of performance — for example,
workspace of size n x nb, where nb is the optimum block size. In such cases, the actual declared length
of the work array must be passed as a separate parameter LWORK, which immediately follows WORK in
the parameter-list.

The routine will still perform correctly when less workspace is provided: it uses the largest block size
allowed by the amount of workspace supplied, as long as this is likely to give better performance than the
unblocked algorithm. On exit, WORK(1) contains the minimum value of LWORK which would allow the
routine to use the optimum block size; this value of LWORK may be used for subsequent runs.

If LWORK indicates that there is insufficient workspace to perform the unblocked algorithm, this is
regarded as an illegal value of LWORK, and is treated like any other illegal parameter value (see
Section 3.4.4), though WORK(1) will still be set as described above.

If you are in doubt how much workspace to supply and are concerned to achieve optimum performance,
supply a generous amount (assume a block size of 64, say), and then examine the value of WORK(1) on
exit.

3.4.4 Error-handling and the diagnostic parameter INFO

Routines in this chapter do not use the usual NAG Library error-handling mechanism, involving the
parameter IFAIL. Instead they have a diagnostic parameter INFO. (Thus they preserve complete
compatibility with the LAPACK specification.)

Whereas IFAIL is an Input/Output parameter and must be set before calling a routine, INFO is purely an
Output parameter and need not be set before entry.

INFO indicates the success or failure of the computation, as follows:
INFO = 0: successful termination
INFO > 0: failure in the course of computation, control returned to the calling program

If the routine document specifies that the routine may terminate with INFO > 0, then it is essential to test
INFO on exit from the routine. (This corresponds to a soft failure in terms of the usual NAG error-
handling terminology.) No error message is output.

All routines check that input parameters such as N or LDA or option parameters of type CHARACTER
have permitted values. If an illegal value of the ith parameter is detected, INFO is set to —i, a message is
output, and execution of the program is terminated. (This corresponds to a hard failure in the usual NAG
terminology.)

3.5 Tables of Driver and Computational Routines

3.5.1 Real matrices

Each entry in the following tables, listing real matrices, gives:
the NAG routine name and

the double precision LAPACK routine name.
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Type of matrix and
storage scheme

general

general band

general tridiagonal

driver

FO7AAF (DGESV)

FO7BAF (DGBSV)

FO7CAF (DGTSV)

expert driver

FO7ABF (DGESVX)

FO7BBF (DGBSVX)

FO7CBF (DGTSVX)

factorize

FO7ADF (DGETRF)

FO7BDF (DGBTRF)

FO7CDF (DGTTRF)

solve

FO7AEF (DGETRS)

FO7BEF (DGBTRS)

FO7CEF (DGTTRS)

scaling factors

FO7AFF (DGEEQU)

FO7BFF (DGBEQU)

condition number

FO7AGF (DGECON)

FO7BGF (DGBCON)

FO7CGF (DGTCON)

error estimate

FO7AHF (DGERFS)

FO7BHF (DGBRFS)

FO7CHF (DGTRFS)

invert FO7AJF (DGETRI)
Table 1
Routines for real general matrices
Type of symmetric symmetric symmetric symmetric symmetric symmetric
matrix and positive positive positive positive positive positive
storage definite definite definite (RFP definite band definite semidefinite
scheme (packed storage) tridiagonal factorize
storage)
driver FO7FAF FO7GAF FO7THAF FO7JAF
(DPOSV) (DPPSV) (DPBSV) (DPTSV)
expert FO7FBF FO7GBF FO7HBF FO7JBF
driver (DPOSVX) (DPPSVX) (DPBSVX) (DPTSVX)
factorize FO7FDF FO7GDF FO7WDF FO7HDF FO7JDF
(DPOTREF) (DPPTRF) (DPFTRF) (DPBTRF) (DPTTRF)
solve FO7FEF FO7GEF FO7WEF FO7HEF FO7JEF
(DPOTRS) (DPPTRS) (DPFTRS) (DPBTRS) (DPTTRS)
scaling FO7FFF FO7GFF FO7HFF
factors (DPOEQU) (DPPEQU) (DPBEQU)
condition FO7FGF FO7GGF FO7HGF FO7JGF
number (DPOCON) (DPPCON) (DPBCON) (DPTCON)
error FO7FHF FO7GHF FO7HHF FO7JHF
estimate (DPORFS) (DPPRES) (DPBRES) (DPTRFS)
invert FO7FJF FO7GIJF FO7WIJF
(DPOTRI) (DPPTRI) (DPFTRI)
semidefinite FO7KDF
(DPSTRF)
Table 2
Routines for real symmetric positive definite matrices
Type of matrix and symmetric indefinite symmetric indefinite
storage scheme (packed storage)
driver FO7MAF (DSYSV) FO7PAF (DSPSV)
expert driver FO7MBF (DSYSVX) FO7PBF (DSPSVX)
factorize FO7MDF (DSYTRF) FO7PDF (DSPTRF)
solve FO7MEF (DSYTRS) FO7PEF (DSPTRS)
condition number FO7MGF (DSYCON) FO7PGF (DSPCON)
error estimate FO7MHF (DSYRFS) FO7PHF (DSPRFS)
invert FO7MIF (DSYTRI) FO7PJF (DSPTRI)
Table 3
Routines for real symmetric indefinite matrices
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Type of matrix and
storage scheme

triangular

triangular (packed
storage)

triangular (RFP
storage)

triangular band

solve

FO7TEF (DTRTRS)

FO7UEF (DTPTRS)

FO7VEF (DTBTRS)

condition number

FO7TGF (DTRCON)

FO7UGF (DTPCON)

FO7VGF (DTBCON)

error estimate

FO7THF (DTRRFS)

FO7UHF (DTPRFS)

FO7VHF (DTBRFS)

invert

FO7TJF (DTRTRI)

FO7UIF (DTPTRI)

FO7WKF (DTFTRI)

Table 4

Routines for real triangular matrices

3.5.2 Complex matrices

Each entry in the following tables, listing complex matrices, gives:

the NAG routine name and
the double precision LAPACK routine name.

Type of matrix and
storage scheme

general

general band

general tridiagonal

driver

FO7AAF (DGESV)

FO7BAF (DGBSV)

FO7CAF (DGTSV)

expert driver

FO7ABF (DGESVX)

FO07BBF (DGBSVX)

FO7CBF (DGTSVX)

factorize

FO7ARF (ZGETRF)

FO7BRF (ZGBTRF)

FO7CRF (ZGTTRF)

solve

FO7ASF (ZGETRS)

FO7BSF (ZGBTRS)

FO7CSF (ZGTTRS)

scaling factors

FO7ATF (ZGEEQU)

FO7BTF (ZGBEQU)

condition number

FO7AUF (ZGECON)

FO07BUF (ZGBCON)

FO7CUF (ZGTCON)

error estimate

FO7AVF (ZGERFS)

FO7BVF (ZGBRFS)

FO7CVF (ZGTRFS)

Mark 24

invert FO7AWF (ZGETRI)
Table 5
Routines for complex general matrices
Type of Hermitian Hermitian Hermitian Hermitian Hermitian Hermitian
matrix and positive positive positive positive positive positive
storage definite definite definite (RFP definite band definite semidefinite
scheme (packed storage) tridiagonal factorize
storage)

driver FO7FAF FO7GAF FO7WRF FO7HAF FO7JAF

(DPOSV) (DPPSV) (ZPFTRF) (DPBSV) (DPTSV)
expert FO7FBF FO07GBF FO7WRF FO7HBF FO7JBF
driver (DPOSVX) (DPPSVX) (ZPFTRF) (DPBSVX) (DPTSVX)
factorize FO7FRF FO7GRF FO7WRF FO7HRF FO7JRF

(ZPOTRF) (ZPPTRF) (ZPFTRF) (ZPBTRF) (ZPTTRF)
solve FO7FSF FO7GSF FO7WSF FO7HSF FO7JSF

(ZPOTRS) (ZPPTRS) (ZPFTRS) (ZPBTRS) (ZPTTRS)
scaling FO7FTF FO7GTF
factors (ZPOEQU) (ZPPEQU)
condition FO7FUF FO7GUF FO7HUF FO7JUF
number (ZPOCON) (ZPPCON) (ZPBCON) (ZPTCON)
error FO7FVF FO7GVFE FO7HVF FO7JVF
estimate (ZPORFS) (ZPPREFS) (ZPBRES) (ZPTRES)
invert FO7FWF FO7GWF FO7WWF

(ZPOTRI) (ZPPTRI) (ZPFTRI)
semidefinite FO7KRF
matrices (ZPSTRF)

Table 6

Routines for complex Hermitian positive definite matrices

F07.17



Introduction — F07

NAG Library Manual

Type of matrix and
storage scheme

Hermitian indefinite

symmetric indefinite
(packed storage)

Hermitian indefinite
band

symmetric indefinite
tridiagonal

driver

FO7MAF (DSYSV)

FO7NNF (ZSYSV)

FO7PAF (DSPSV)

FO7QNF (ZSPSV)

expert driver

FO7MBF (DSYSVX)

FO7NPF (ZSYSVX)

FO7PBF (DSPSVX)

FO7QPF (ZSPSVX)

factorize

FO7MRF (ZHETRF)

FO7NRF (ZSYTRF)

FO7PRF (ZHPTRF)

FO7QRF (ZSPTRF)

solve

FO7MSF (ZHETRS)

FO7NSF (ZSYTRS)

FO7PSF (ZHPTRS)

FO7QSF (ZSPTRS)

condition number

FO7MUF (ZHECON)

FO7NUF (ZSYCON)

FO7PUF (ZHPCON)

FO7QUF (ZSPCON)

error estimate

FO7MVF (ZHERFS)

FO7NVF (ZSYREFS)

FO7PVF (ZHPRES)

FO7QVF (ZSPRFS)

invert

FO7MWF (ZHETRI)

FO7NWEF (ZSYTRI)

FO7PWF (ZHPTRI)

FO7QWEF (ZSPTRI)

Table 7

Routines for complex Hermitian and symmetric indefinite matrices

Type of matrix and
storage scheme

triangular

triangular (packed
storage)

triangular (RFP
storage)

triangular band

solve

FO7TSF (ZTRTRS)

FO7USF (ZTPTRS)

FO07VSF (ZTBTRS)

condition number

FO7TUF (ZTRCON)

FO7UUF (ZTPCON)

FO7VUF (ZTBCON)

error estimate

FO7TVF (ZTRRFS)

FO7UVF (ZTPRFS)

FO7VVF (ZTBRES)

invert

FO7TWEF (ZTRTRI)

FO7UWF (ZTPTRI)

FO7WXF (ZTFTRI)

Routines for complex triangular matrices

Table 8

Type of matrix and storage factorize solve condition error invert
scheme number estimate
general FO7ARF FO7ASF FO7AUF FO7AVF FO7AWF
(ZGETRF) (ZGETRS) (ZGECON) (ZGERFS) (ZGETRI)
general band FO7BRF FO7BSF FO7BUF FO7BVF
(ZGBTRF) (ZGBTRS) (ZGBCON) (ZGBRFS)
Hermitian positive definite FO7FRF FO7FSF FO7FUF FO7FVF FO7FWF
(ZPOTRF) (ZPOTRS) (ZPOCON) (ZPORFS) (ZPOTRI)
Hermitian positive definite FO7GRF FO7GSF FO7GUF FO7GVF FO7GWF
(packed storage) (ZPPTRF) (ZPPTRS) (ZPPCON) (ZPPRFS) (ZPPTRI)
Hermitian positive definite FO7HRF FO7HSF FO7THUF FO7THVF
band (ZPBTRF) (ZPBTRS) (ZPBCON) (ZPBRES)
Hermitian indefinite FO7MRF FO7MSF FO7MUF FO7MVF FO7TMWE
(ZHETRF) (ZHETRS) (ZHECON) (ZHERFS) (ZHETRI)
symmetric indefinite FO7NRF FO7NSF FO7NUF FO7NVF FO7TNWF
(ZSYTRF) (ZSYTRS) (ZSYCON) (ZSYREFS) (ZSYTRI)
Hermitian indefinite (packed FO7PRF FO7PSF FO7PUF FO7PVF FO7PWF
storage) (ZHPTRF) (ZHPTRS) (ZHPCON) (ZHPRFS) (ZHPTRI)
symmetric indefinite (packed FO7QRF FO7QSF FO7QUF FO7QVF FO7TQWF
storage) (ZSPTRF) (ZSPTRS) (ZSPCON) (ZSPRFS) (ZSPTRI)
triangular FO7TSF FO7TUF FO7TVF FO7TWF
(ZTRTRS) (ZTRCON) (ZTRRFS) (ZTRTRI)
triangular (packed storage) FO7USF FO7UUF FO7UVF FO7UWF
(ZTPTRS) (ZTPCON) (ZTPRFS) (ZTPTRI)
triangular band FO7VSF FO7VUF FO7VVF
(ZTBTRS) (ZTBCON) (ZTBRFS)

4  Functionality Index

Apply iterative refinement to the solution and compute error estimates,

Table 9

Routines for complex matrices

after factorizing the matrix of coefficients,

complex band matrix

F07.18
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complex Hermitian indefinite MatriX.........cccevervieriiesienienienieieseenieeie e FO7MVF (ZHERFS)
complex Hermitian indefinite matrix, packed storage.........ccccevevveveereenncnne FO7PVF (ZHPRFS)
complex Hermitian positive definite band matriX ........ccccoeceevenienincinienenne FO7THVF (ZPBRFS)
complex Hermitian positive definite matriX.........ccooceeveerieneenennenieneenienenn FO7FVF (ZPORFS)
complex Hermitian positive definite matrix, packed storage.............ccoeu... FO7GVF (ZPPRFS)
complex Hermitian positive definite tridiagonal matrix..........ccceeverveuennenee. FO7JVF (ZPTREFS)
COMPIEX MALIIX 1..vviiuvieeiiiesiieeieesieetteeteereeteesbeessaeseseessaeesseessseesseesseessseessennsns FO7AVF (ZGERFS)
complex symmetric indefinite MAatriX .......ccceevvereerierierieieeeeese e FO7NVF (ZSYREFS)
complex symmetric indefinite matrix, packed storage...........ccoccevveerrrvennne FO7QVF (ZSPRFS)
compleX tridiagonal MALITX .......cecveeveriierieiierieeteeieeeeieeeesie e seeesaeeneeseeeeeenns FO7CVF (ZGTRFS)
real band MALIIX ......cc.ceeviiiiiiciieiie ettt ettt eaeeeveeeeneens FO7BHF (DGBREFS)
TEAL TNALIIX ...vviiivieietieiiieetieetieetee ettt e ettt e e tbeebeestbeesbeeeaseeaeeesseeseessneesseeseneans FO7AHF (DGERFS)
real symmetric iNdefinite MAatriX........cceeevieriirerieiieeie e FO7MHF (DSYRFS)
real symmetric indefinite matrix, packed storage ..........ccccevvecvieiiriienieennns FO7PHF (DSPRFS)
real symmetric positive definite band mMatriX ..........ccceeeeevirieniecieceiieeeens FO7HHF (DPBRES)
real symmetric positive definite MAatriX.......cccceveerieriereerieeierieeeeieseerieennans FO7FHF (DPORFS)
real symmetric positive definite matrix, packed storage..........cccoecvevueevenen. FO7GHF (DPPRFS)
real symmetric positive definite tridiagonal matrixX .........ccceceeveveeneeerierennnene FO7JHF (DPTREFS)
real tridiagonal MALTIX .........eecvieiiieriieeiierie e eee et e et e b e e e ereeseseene e FO7CHF (DGTRFS)
Compute error estimates,
complex triangular band MatriX.......coceeeuerieriirienieieeiee et FO7VVF (ZTBRFS)
compleX triangular MALIX .......eceervirieriieie ettt eiee e eaeas FO7TVF (ZTRREFS)
complex triangular matrix, packed StOTaZe .........ccceevirieririiinieieieieeeeeeeeen FO7UVF (ZTPRFS)
real triangular band MAtHIX ......occooeririiiiire e FO7VHF (DTBREFS)
real trianGUIAT MALITX ....eeveiieiieieeieieee ettt et e ste et e e e e ebesreebesbeesseesseseensenns FO7THF (DTRRFS)
real triangular matrix, packed StOTaAZe.........cccovievuirierieeienieieeeeie e FO7UHF (DTPRFS)
Compute row and column scalings,
cOMPIEX DANA MALTIX....eivviiiieiiiieiieie ettt ettt be e te e s e ereessesseenseessenseas FO7BTF (ZGBEQU)
complex Hermitian positive definite band matriX .........cccoeceerievieneenincienieienen. FO7HTF (ZPBEQU)
complex Hermitian positive definite mMatriX..........ceceeveriievienieneneeiesiesieeveeen FO7FTF (ZPOEQU)
complex Hermitian positive definite matrix, packed storage.........c..ccccevveuennen. FO7GTF (ZPPEQU)
COMPIEX MALIIX 1..vviivieeerieriieeetieeteesieeereebeesebeebeessbeebeessbeeseeesseesssessseesseessseesseessses FO7ATF (ZGEEQU)
1€al DANA MALTTX ...vieiiiiiiecie ettt sttt e et e aeeaeesebeessaeeeseesseessseesseessseenns FO7BFF (DGBEQU)
TEAL IMALITX c..etieiieeitet ettt ettt b et be e FO7AFF (DGEEQU)
real symmetric positive definite band mMatriX ........ccecceeeverierienieninieieeeeeeee FO7HFF (DPBEQU)
real symmetric positive definite MatriX........cccceevuerierieerierieieneeie e FO7FFF (DPOEQU)
real symmetric positive definite matrix, packed storage..........ccceeeeevvevereennnnne. FO7GFF (DPPEQU)

Condition number estimation,
after factorizing the matrix of coefficients,

compleX Dand MALIIX......ccecieeierieriieiere ettt FO7BUF (ZGBCON)
complex Hermitian indefinite MatriX.........ccecervieriierierienieniieieseeie e FO7MUF (ZHECON)
complex Hermitian indefinite matrix, packed storage.........ccccooeveevereencnne FO7PUF (ZHPCON)
complex Hermitian positive definite band matriX ..........ccoecveeveecierieecirieennnne FO7HUF (ZPBCON)
complex Hermitian positive definite mMatriX.........ccoeceevieeieniereeeeerienierieeenene FO7FUF (ZPOCON)
complex Hermitian positive definite matrix, packed storage............ccceueeeee. FO7GUF (ZPPCON)

complex Hermitian positive definite tridiagonal matrix..........ccceeveeveueneneee FO07JUF (ZPTCON)

COMPIEX MALIIX 1..vviiuvieeeiiesiieeieesieeteesreereesteesbeesseessseessaeesseessseesseesseessseessennsns FO7AUF (ZGECON)
complex symmetric indefinite MAatriX .......ccceeeveveerierieninrieeeeere e FO7NUF (ZSYCON)
complex symmetric indefinite matrix, packed storage...........ccoccevveevrrrennns FO7QUF (ZSPCON)

compleX tridiagonal MAITX ......c.eecververieerienieieee e eteeie et eee e ee e seeeeeenee FO7CUF (ZGTCON)
real Band MALTIX .....cccveeeviiiiiiiieiie ettt ste e e e sve e e aneebeeseneens FO7BGF (DGBCON)
TEAL TNALIIX ...vviivieiitiesiieetieeteeteeebeesieeebeebeestbeesseessseesseessseesseessseesseessseesseessseans FO7AGF (DGECON)
real symmetric indefinite MALTIX ........cecverieriiriienienieniereeeeeeee e FO7TMGF (DSYCON)
real symmetric indefinite matrix, packed Storage.........cccceevvevvevvervenreeeennen. FO7PGF (DSPCON)

real symmetric positive definite band matriX ..........ccceeeeeeirieneecieciieieeeens FO7HGF (DPBCON)
real symmetric positive definite MatriX.......ccccerveerieriereesieeienieeeieiesresieenans FO7FGF (DPOCON)
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real symmetric positive definite matrix, packed storage...........c.ccoceeeerueneneee FO7GGF (DPPCON)
real symmetric positive definite tridiagonal matrixX .........ccceceeveeveereeerierennnnne FO07JGF (DPTCON)
real tridiagonal MALTTX .........eeevieriieriieeiierie e eee et e b e e e ebeeseseeneans FO7CGF (DGTCON)
complex triangular band MatriX........ccoceeveeriiririiinieerieeee e FO7VUF (ZTBCON)
compleX triangUlAr MALIIX ......ecieriieiertieieeierie e seeieeeteteseeeseeeesseeseesnesseenseseeas FO7TUF (ZTRCON)
complex triangular matrix, packed StOTage .........ccevevieriiriienieienieiecieeeeeeen FO7UUF (ZTPCON)
real triangular band MAtriX ......ccccereeiirieniinieeeeee e FO7VGF (DTBCON)
real triangUIAT MATIX .......cccvierieiiierie et este et esaeeaeesbeeteeebeesseessseesseessseenns FO7TGF (DTRCON)
real triangular matrix, packed StOTAZE.........cccevvvieiiieriiierie e FO7UGF (DTPCON)
LDL" factorization,
complex Hermitian positive definite tridiagonal matriX ..........ceccevvevververeenennen. FO7JRF (ZPTTRF)
real symmetric positive definite tridiagonal matriX ...........ccoeeeveeeiierieenienierneenns FO7JDF (DPTTRF)
LL" or UTU factorization,
complex Hermitian positive definite band matriX .........cccoeceerievienveninienieienen. FO7HRF (ZPBTRF)
complex Hermitian positive definite matriX.........cccecereeririienienienieiesieeeieeen FO7FRF (ZPOTRF)
complex Hermitian positive definite matrix, packed storage.........c..cocceveeuennen. FO7GRF (ZPPTRF)
complex Hermitian positive definite matrix, RFP storage.........c..cccccoevvevienieennnne FO7WRF (ZPFTRF)
complex Hermitian positive semidefinite mMatriX .........ccoccveeverievierienieiieneeeenens FO7KRF (ZPSTRF)
real symmetric positive definite band mMatriX ........ccccceeeverievenieninieeeeeeeee FO7HDF (DPBTRF)
real symmetric positive definite MatriX........cocceevverierieerierieiesieieseee e FO7FDF (DPOTRF)
real symmetric positive definite matrix, packed Storage............cccoeevvrerierverneens FO7GDF (DPPTRF)
real symmetric positive definite matrix, RFP storage..........ccccecevieviniencnnnenne. FO7WDF (DPFTRF)
real symmetric positive semidefinite MAtriX ......c.ccceevveevierierieeienecieie e FO7KDF (DPSTRF)
LU factorization,
compleX Dand MALIIX.......cceeeieriiieeiie ettt e et sre e b e et etaeeseesebeessaesnnas FO7BRF (ZGBTRF)
COMPLEX MATX ...ttt ettt ettt ettt ettt ettt b e be bt et e sbeebeeasenaees FO7ARF (ZGETRF)
compleX tridiagonal MAIIX ........eeveeeverrieriieiierieeieieeeeseeeseeeeesseesseeseesseessesesssensens FO7CRF (ZGTTRF)
1€al DANA MALTIX Lovviiieiieiieiieieeteteee ettt e e st beesbe e e beensaens FO7BDF (DGBTRF)
TEAL TNALTIX ...vviiviieitieitieeiee ettt e et e et e et e e e e et eeeteeeteeetaeeteeeeseetseeaseenseesaseessneeaseenes FO7ADF (DGETRF)
real tridiagonal MAIX .......ecueeruireieriieieeiet ettt sttt e et eneeees FO7CDF (DGTTREF)

Matrix inversion,
after factorizing the matrix of coefficients,

complex Hermitian indefinite MatriX........cccceverveeriiesienienieniieiesieie e FO7TMWEF (ZHETRI)

complex Hermitian indefinite matrix, packed storage.........ccccevevvevuereenncnne FO7PWF (ZHPTRI)

complex Hermitian positive definite matriX.........cccccvevveevrierrienieeniiesreeeeenens FO7FWF (ZPOTRI)
complex Hermitian positive definite matrix, packed storage.........c..cccceeuen. FO7GWF (ZPPTRI)
complex Hermitian positive definite matrix, RFP storage............c..ccoouenneene. FO7TWWF (ZPFTRI)

COMPIEX MALITX ..evrevienieeeieiieieeteeteeete et stte e etesteetesseesbeesaeseeensesaeensesseensesneenes FO7AWF (ZGETRI)

complex symmetric indefinite MAatriX .......ccceeeverierieeienieiene e FO7NWF (ZSYTRI)

complex symmetric indefinite matrix, packed storage.........c..ccccoeevververnnnne FO7QWF (ZSPTRI)

TEAL MALITX ¢ttt sttt sttt sttt et FO7AJF (DGETRI)

real symmetric iNdefinite MALIIX .......c.ecveevieriieeieiienieeieseeeesie e eee e eere e eaeas FO7MIJF (DSYTRI)

real symmetric indefinite matrix, packed StOrage.........ccoccevvvevveviervenreeeennen. FO7PJF (DSPTRI)

real symmetric positive definite MatriX.........cccereerieriierierierienieeeeieeeeseennns FO7FJF (DPOTRI)

real symmetric positive definite matrix, packed storage..........cccceecvevvereenen. FO7GJF (DPPTRI)

real symmetric positive definite matrix, RFP storage..........ccccceceveenennennen. FO7WIJF (DPFTRI)
compleX triangUIAr MALIIX ......ecvveriieieriieteeieieetesteeaeesebe st esseeaesseesseessesseensenseas FO7TWEF (ZTRTRI)
complex triangular matrix, packed StOrage ..........cccecvvievievienierienieieeieieeieeen FO7UWF (ZTPTRI)
complex triangular matrix, RFP storage,

EXPETE AIIVET...eeutieiieitieiieie ettt ettt ettt et st et et e st e e e teentesbeebeentesbeensenes FO7WXF (ZTFTRI)
real triangUIAT MATIX .......cccviiiieiiieiieeiieeie et see et e sreeaeesbeesaeebeesseessseesseessseenes FO7TJF (DTRTRI)
real triangular matrix, packed StOTAZE.........ccevvervieriiiniiiieiieeceee e FO7UJF (DTPTRI)
real triangular matrix, RFP storage,

EXPETE AIIVET...eeutieiieetietieie ettt et ettt ete st et e st e teenteseeetesteensesaeeseennesseensanes FO7WKF (DTFTRI)
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PLDL™PT or PUDUTPT factorization,

complex Hermitian indefinite MatriX..........cceevieriiieriririeeriienie e FO7MRF (ZHETRF)
complex Hermitian indefinite matrix, packed storage.........cccceeeevveeverveniiecnennens FO7PRF (ZHPTRF)
complex symmetric indefinite MALrIX ........ccververieriieriieienieeieieeeeseere e sae e FO7NRF (ZSYTRF)
complex symmetric indefinite matrix, packed StOrage .........cccoovevvrcverveniereenene FO7QRF (ZSPTRF)
real symmetric iNdefinite MAITX ........eevueeverieriieierieieeee et FO7MDF (DSYTREF)
real symmetric indefinite matrix, packed StOrage.........c.ccoceevrveriiieriiercrrerireenenn, FO7PDF (DSPTRF)

Solution of simultaneous linear equations,
after factorizing the matrix of coefficients,

complexX band MAtIIX.......cceeevieriieiiieiiiee ettt e ereesaeesebeesree e FO7BSF (ZGBTRS)
complex Hermitian indefinite MatriX..........cceeeeveiieriieeiiieiienie e eree e FO7MSF (ZHETRS)
complex Hermitian indefinite matrix, packed storage.........cccccoeeeveeveniencne FO7PSF (ZHPTRS)
complex Hermitian positive definite band matriX .........cccoeeeeeecieriiecienrenenns FO7HSF (ZPBTRS)
complex Hermitian positive definite matriX.........ccoecverievierieneeceeriesieieennene FO7FSF (ZPOTRS)
complex Hermitian positive definite matrix, packed storage...........ccccoeueen. FO7GSF (ZPPTRS)
complex Hermitian positive definite matrix, RFP storage.......c..ccccccecueuencne FO7WSF (ZPFTRS)
complex Hermitian positive definite tridiagonal matrix...........cccccceeeevvernenne FO7JSF (ZPTTRS)
COMPIEX MALITX ..evvevieeieeeiesiieteeeesteetesteeteesteeseesteessesseesesssesseesesssessesseesesseenns FO7ASF (ZGETRS)
complex symmetric indefinite MAatriX ........cceeeverierieeienieierieeiene e FO7NSF (ZSYTRS)
complex symmetric indefinite matrix, packed Storage...........ccoccevveverrvennnne FO7QSF (ZSPTRS)
complex tridiagonal MALITX ........cecveveeriierierieie ettt FO7CSF (ZGTTRS)
1€al DANA MALTTX ...vieviieiiieciie ettt te et te e e e e b e e e esseeesseensneans FO7BEF (DGBTRS)
TEAL MALITX ¢ttt sttt sttt et FO7AEF (DGETRS)
real symmetric iNdefinite MALITX .......c.eoveeveeriieeieiienieeiereeeerie e eee e FO7MEF (DSYTRS)
real symmetric indefinite matrix, packed StOrage.........ccocceevvevveviervenreenennen. FO7PEF (DSPTRS)
real symmetric positive definite band mMatriX .........ecceveevirienenieienieeeene FO7HEF (DPBTRS)
real symmetric positive definite MatriX........cocceveerieriereesienienieneeie e FO7FEF (DPOTRS)
real symmetric positive definite matrix, packed storage.............cccceeerueeenee. FO7GEF (DPPTRS)
real symmetric positive definite matrix, RFP storage.........ccccccecevverreenenen. FO7WEF (DPFTRS)
real symmetric positive definite tridiagonal matrixX .........ccoceevveeeverreerrereennens FO7JEF (DPTTRS)
real tridiagonal MATX .......ecvieeverierieeierieeie ettt et ete et seeeae e ennens FO7CEF (DGTTRS)
expert drivers (with condition and error estimation):
complexX band MAIIX........cecevieriieiiieriiee ettt eee e e b e sreeseaeenree e FO7BPF (ZGBSVX)
complex Hermitian indefinite MatriX........ccceeevervieriieienienienieeieee e, FO7MPF (ZHESVX)
complex Hermitian indefinite matrix, packed storage.........ccccceeerveviervennene FO7PPF (ZHPSVX)
complex Hermitian positive definite band matriX ........cccoeeeverveniecieneenenne FO7HPF (ZPBSVX)
complex Hermitian positive definite matriX..........ccceevveeerierieenieenieenreeneeen, FO7FPF (ZPOSVX)
complex Hermitian positive definite matrix, packed storage.........c..cccceeueene. FO7GPF (ZPPSVX)
complex Hermitian positive definite tridiagonal matrix ..........coceeveeeeereennene FO7JPF (ZPTSVX)
COMPIEX MALTTX .vevviveenieeeierieeteeteeteeetesteeteesteeseesteessesseesesssesseensesssessesseensesseenns FO7APF (ZGESVX)
complex symmetric indefinite MAatriX ........cceeeverierieeienieieie e FO7NPF (ZSYSVX)
complex symmetric indefinite matrix, packed storage........c..ccoceveeveereenncne FO7QPF (ZSPSVX)
complex tridiagonal MAtTIX ........cccereerieriierieriere ettt FO7CPF (ZGTSVX)
real DANA MALTIX Lovviiiieiiiieiieie ettt ettt e ereebe s eesesreeseennens FO7BBF (DGBSVX)
TEAL MALITX 1..vivieeiieeteeteete ettt et e et et et e steeteeteeetesteesbeseaesseessesseenseessensesseesennsens FO7ABF (DGESVX)
real symmetric iNdefinite MALITX .......eeovervieriierieeieieeiereeeerie et eee e FO7MBF (DSYSVX)
real symmetric indefinite matrix, packed StOrage..........ccccevvvevvevvenierieeiennen. FO7PBF (DSPSVX)
real symmetric positive definite band mMatriX .........oceveevevienenierenieeeee FO7HBF (DPBSVX)
real symmetric positive definite MatriX........cocceveereerierirnienienieneeie e FO7FBF (DPOSVX)
real symmetric positive definite matrix, packed storage..........cccevvevveenrennen. FO7GBF (DPPSVX)
real symmetric positive definite tridiagonal MatrixX .........ccocceeveeevereveruereennene FO7JBF (DPTSVX)
real tridiagonal MATX .......ecveeverierieeiereeie ettt te et eeseeeanens FO7CBF (DGTSVX)
simple drivers,

complex band MAIIX........ccceieriieiiieniiee ettt e e seeeseneeree e FO7BNF (ZGBSV)
complex Hermitian indefinite matriX..........ccoeeievieeiiieniieieeeeeie e FO7MNF (ZHESV)
complex Hermitian indefinite matrix, packed storage..........cccceevevveeiervennenns FO7PNF (ZHPSV)
complex Hermitian positive definite band matriX .........cccoeeevincieniecienneinnne FO7HNF (ZPBSV)
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complex Hermitian positive definite matriX.........ccoeceereeviereeneeseerieneerieenenn FO7FENF (ZPOSV)
complex Hermitian positive definite matrix, packed storage............ccecoeueen. FO7GNF (ZPPSV)
complex Hermitian positive definite matrix, using mixed precision............ FO7FQF (ZCPOSV)
complex Hermitian positive definite tridiagonal matrixX ..........cocceveeeeereennenne FO7INF (ZPTSV)
COMPIEX MALITX ..evvevieeieeiieieeteeteerteeetesteettesteestesteesteeseesseesaesseensesseensesseensesneenes FO7ANF (ZGESV)
complex matrix, using mixed PreCiSION .......ccceveeruerieriieiereerieeeeie e FO7AQF (ZCGESV)
complex symmetric indefinite MAatriX .........ccceveerieeciieniiierieeieeere e FO7NNF (ZSYSV)
complex symmetric indefinite matrix, packed storage.............cccoeevvevvernnne FO7QNF (ZSPSV)
complex triangular band MAatriX.........ccoceeveerierierienerereeeee e FO7VSF (ZTBTRS)
compleX triangular MALIIX .......ecveeverierieeeieeieieeiesteeteseeeresteesseseeesseessesreesenes FO7TSF (ZTRTRS)
complex triangular matrix, packed StOrage.........ccccecevieriercieneeeeciecieeeenn FO7USF (ZTPTRS)
compleX tridiagonal MAITX ......c.eecveeieriierienieie ettt FO7CNF (ZGTSV)
1€al DANA MALTTX ...vieviieeiieiiie ettt e e e b e e e e seeessaeenneans FO7BAF (DGBSV)
TEAL TNALTTX 1..evieitieeiiieeiieette ettt te ettt e et e e et e et esaae e beesaseeseesnseenseesneeenseasnseans FO7AAF (DGESV)
real matrix, using MiXed PreCISION .......ccecirierrierrerteeierieeiereesteeresreeseenenaeas FO7ACF (DSGESV)
real symmetric iNdefinite MALIIX.......eecveeeveriierieeierieeieeeee ettt eee e FO7MAF (DSYSV)
real symmetric indefinite matrix, packed StOrage.........cceccevvvevvecvenienieniennen. FO7PAF (DSPSV)
real symmetric positive definite band mMatriX .........oceveevienievinieienieeeene FO7HAF (DPBSV)
real symmetric positive definite MatriX........cocceveerierierierienienieneee e FO7FAF (DPOSV)
real symmetric positive definite matrix, packed storage.........cccceceevuereenen. FO7GAF (DPPSV)
real symmetric positive definite matrix, using mixed precision................... FO7FCF (DSPOSV)
real symmetric positive definite tridiagonal matrixX .........ccceceeveevvereereerennnene FO7JAF (DPTSV)
real triangular band MAtriX .........ccccoeeierieiiiienierieeeerre et e e ereesae e ens FO7VEF (DTBTRS)
real trianguIar MATIX .......ccveeeiieecieeie ettt eee e et eeee e b e e e essaeesseessneans FO7TEF (DTRTRS)
real triangular matrix, packed StOrage.........cccccvvvieviieciirieriieienieeeeie e FO7UEF (DTPTRS)
real tridiagonal MAIX .......ccveeeverieeieeiesieecieeeesie st eteseee e eeeseeesteeeeesseenseseeennens FO7CAF (DGTSV)

5  Auxiliary Routines Associated with Library Routine Parameters

None.

6 Routines Withdrawn or Scheduled for Withdrawal

None.
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